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Effect of rotation on a developed turbulent stratified convection: the hydrodynamic
helicity, the alpha-effect and the effective drift velocity
Nathan Kleeorin∗ and Igor Rogachevskii†
Department of Mechanical Engineering,
The Ben-Gurion University of the Negev,
POB 653, Beer-Sheva 84105, Israel
(Dated: November 10, 2018)
An effect of rotation on a developed turbulent stratified convection is studied. Dependencies of
the hydrodynamic helicity, the alpha-tensor and the effective drift velocity of the mean magnetic
field on the rate of rotation and an anisotropy of turbulent convection are found. It is shown that
in an anisotropic turbulent convection the alpha-effect can change its sign depending on the rate of
rotation. The evolution of the alpha-effect is much more complicated than that of the hydrodynamic
helicity in an anisotropic turbulent convection of a rotating fluid. Different properties of the effective
drift velocity of the mean magnetic field in a rotating turbulent convection are found: (i) a poloidal
effective drift velocity can be diamagnetic or paramagnetic depending on the rate of rotation; (ii)
there is a difference in the effective drift velocities for the toroidal and poloidal magnetic fields; (iii)
a toroidal effective drift velocity can play a role of an additional differential rotation. The above
effects and an effect of a nonzero divergence of the effective drift velocity of the toroidal magnetic
field on a magnetic dynamo in a developed turbulent stratified convection of a rotating fluid are
studied. Astrophysical applications of the obtained results are discussed.
PACS numbers: 47.65.+a; 47.27.-i
I. INTRODUCTION
Turbulent transport of particles and magnetic fields
was intensively studied for the Navier-Stokes turbulence
(see, e.g., [1, 2, 3, 4]). However, there are a number of
applications with other kinds of turbulence, e.g., turbu-
lent convection. For instance, in the Sun and stars there
is a developed turbulent convection that is strongly in-
fluenced by a fluid rotation.
The mean-field theory of magnetic field was in gen-
eral developed for the Navier-Stokes turbulence with-
out taking into account turbulent convection (see, e.g.,
[5, 6, 7, 8, 9, 10, 11, 12]). In particular, the dependen-
cies of the the α-effect, the effective drift velocity and
the turbulent magnetic diffusion on the rate of rotation
were found only for the Navier-Stokes turbulence (see,
e.g., [13, 14, 15, 16]) in spite of that in many astro-
physical applications there are turbulent convection re-
gions. A turbulent convection in different situations has
been studied mainly by numerical simulations (see, e.g.,
[17, 18, 19, 20, 21, 22, 23]).
In this paper we study an influence of rotation on a
developed turbulent stratified convection. This allows us
to find the dependencies of the hydrodynamic helicity,
the alpha-tensor and the effective drift velocity of the
mean magnetic field on the rate of rotation.
This study has a number of applications in astro-
physics. In particular, the evolution of the mean mag-
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netic field in the kinematic approximation (without tak-
ing into account a two-way coupling of mean magnetic
field and turbulent fluid flow) can be described in terms
of propagating waves with the growing amplitude, i.e.,
the magnitude of the mean magnetic field B is given by
B ∝ B0 exp(γB t) cos(ωB t+ k · r) , (1)
where B0 is a seed magnetic field, γB is the growth rate of
the mean magnetic field, ω
B
and k are the frequency and
the wave vector of a dynamo wave. In the Sun, e.g., ac-
cording to the magnetic field observations these dynamo
waves with the ∼ 22 years period propagate to the equa-
tor (see, e.g., [5, 6, 7, 8, 10]). The magnetic field is gener-
ated in the turbulent convective zone inside the Sun. The
growth of the mean magnetic field is a combined effect
of a nonuniform fluid rotation (the differential rotation,
∇(δΩ)) and helical turbulent motions (the α-effect). The
direction of propagation of the dynamo waves is deter-
mined by a sign of the parameter α[∂(δΩ)/∂r], where
r, θ, ϕ are the spherical coordinates, and Ω is the angu-
lar velocity. When the parameter α [∂(δΩ)/∂r] is nega-
tive the dynamo waves propagates to the equator. The
helioseismology shows that in the solar convective zone
∂(δΩ)/∂r > 0 and the existing theories yield α > 0. This
results in that the dynamo waves should propagate to the
pole in contradiction to the solar magnetic field observa-
tions (see, e.g., [5, 6, 7, 8, 10]).
In this study we found that in a developed turbulent
convection the α-effect can change its sign depending on
the rate of rotation and an anisotropy of turbulence. In
the lower part of the solar convective zone the fluid ro-
tation is very fast in comparison with the turnover time
of turbulent eddies. In this region α > 0. In the up-
per part of the solar convective zone the fluid rotation is
2very slow and α < 0. This explains the observed proper-
ties of the solar dynamo waves. The growth of the mean
magnetic field is saturated by nonlinear effects (see, e.g.,
[24, 25, 26, 27, 28]). The 22-years solar magnetic activ-
ity is also poorly understood. A characteristic time of
the turbulent magnetic diffusion in the solar convective
zone is of the order 2-3 years and it cannot explain the
characteristic time of solar magnetic activity. We found
that the fast rotation causes an additional effective drift
velocity of a mean magnetic field that can increase the
period of the dynamo waves provides the 22-years solar
magnetic activity.
II. THE GOVERNING EQUATIONS AND THE
METHOD OF THE DERIVATIONS
Our goal is to study an effect of rotation on a developed
turbulent stratified convection. This allows us to derive
dependencies of the hydrodynamic helicity, the alpha-
effect and the effective drift velocity of the mean magnetic
field on the angular velocity. To this end we consider a
fully developed turbulent convection in a stratified ro-
tating fluid with large Rayleigh and Reynolds numbers.
The governing equations are given by
Du
Dt
= −∇
(
P
ρ
0
)
+ 2u×Ω− gS + fν , (2)
DS
Dt
= −u ·Nb − 1
T0
∇ · Fκ(S) , (3)
where u is the fluid velocity with∇·u = Λ·u, D/Dt =
∂/∂t+u ·∇, Ω is the angular velocity, g is the gravity
field that includes an effect of the centrifugal force, ρ
0
fν
is the viscous force, Fκ(S) is the thermal flux that is
associated with the molecular thermal conductivity, Λ =
−ρ−1
0
∇ρ
0
, Nb = (γP0)
−1∇P0−ρ−1
0
∇ρ
0
. The variables
with the subscript ”0” corresponds to the hydrostatic
equilibrium (i.e., the hydrostatic basic reference state):
∇P0 = ρ0g , (4)
and T0 is the equilibrium fluid temperature, S = P/γP0−
ρ/ρ
0
are the deviations of the entropy from the hydro-
static equilibrium, P and ρ are the deviations of the fluid
pressure and density from the hydrostatic equilibrium.
The Brunt-Va¨isa¨la¨ frequency, Ω˜b, is determined by the
equation Ω˜2b = −g · Nb. To derive Eq. (2) we use an
identity: −∇P + gρ = −ρ0[∇(P/ρ0) + gS − PNb/ρ0],
where we assumed that |PNb/ρ0| ≪ |gS|, |PNb/ρ0| ≪
|∇(P/ρ0)|. This assumption corresponds to nearly isen-
tropic basic reference state when Nb is very small. For
the derivation of this identity we also used Eq. (4). We
also consider a low-Mach-number fluid flow with a very
small frequency Ω˜b, i.e., |Ω˜b| ≪
√
gΛ and |Ω˜bτ |2 ≪ 1,
where τ is the correlation time of the turbulent velocity
field. Equations (2) and (3) are written in the Boussinesq
approximation for ∇ · u 6= 0. This is more usually called
”the anelastic approximation”.
Now we consider a purely hydrostatic isentropic basic
reference state, i.e., Ω˜b = 0 (Nb = 0). Thus the turbu-
lent convection is regarded as a small deviation from a
well-mixed adiabatic state (for more discussion, see [29]).
We will use a mean field approach whereby the veloc-
ity, pressure and entropy are separated into the mean
and fluctuating parts. Using Eqs. (2) and (3) we de-
rive equations for the turbulent fields: vz =
√
ρ0(z)uz,
w =
√
ρ0(z) (∇×u)z and s =
√
ρ0(z) (S − S¯), where
S¯ ≡ 〈S〉 is the mean entropy, the angular brackets de-
note ensemble averaging, and for simplicity we consider
turbulent flow with zero mean velocity. Here ρ0(z) is di-
mensionless density measured in the units of ρ0(z = 0).
The equations for the turbulent fields are given by
(
Λ2
4
−∆
)
∂vz
∂t
= (2Ω ·∇+Ω ·Λ)w + 2ΛΩx ∂vz
∂y
−g∆⊥s+ VN , (5)
∂w
∂t
= (2Ω ·∇−Ω ·Λ)vz +WN , (6)
∂s
∂t
= −Ω
2
b
g
vz + SN , (7)
where Ω2b = −g ·∇S¯, ∆⊥ = ∆−∂2/∂z2, VN , WN and
SN are the nonlinear terms which include the molecu-
lar dissipative terms [see Eqs. (A10)-(A12) in Appendix
A], the field g is directed opposite to the axis z and
Ω = (Ωx, 0,Ωz).We assumed here that Λ
−1|∂Λ/∂z| ≪ Λ.
Equation (5) follows from Eq. (2) after the calculation
[∇×(∇×u)]z .
By means of Eqs. (5)-(7) we derive dependencies of the
hydrodynamic helicity, the alpha-effect and the effective
drift velocity on the angular velocity. The procedure of
the derivation is outlined in the following (for details, see
Appendixes A, B and C).
(a). Using Eqs. (5)-(7) we derive equations for the
following second moments:
fij(k) = Lˆ(vi, vj) , χ(k) = Lˆ(w, vz) ,
F (k) = Lˆ(s, w) , G(k) = Lˆ(w,w) ,
Φi(k) = Lˆ(s, vi) , Θ(k) = Lˆ(s, s) ,
where Lˆ(a, b) = 〈a(k)b(−k)〉 and v =
√
ρ0(z)u. The
equations for these correlation functions are given by Eqs.
(A4)-(A9) in Appendix A. In this derivation we assumed
that Λ2 ≪ k2.
(b). The equations for the second moments contain
third moments and a problem of closing the equations for
the higher moments arises. Various approximate meth-
ods have been proposed for the solution of problems of
this type (see, e.g., [1, 30, 31]). The simplest proce-
dure is the τ approximation, which is widely used in the
theory of kinetic equations. For magnetohydrodynamic
turbulence this approximation was used in [32] (see also
[27, 33, 34]). One of the simplest procedures which al-
lows us to express the third moments f
N
, χ
N
, . . . , ΘN in
3Eqs. (A4)-(A9) in terms of the second moments, reads
f
N
(k)− f (0)
N
(k) = −f(k)− f
(0)(k)
τ(k)
, (8)
and similarly for other third moments, where f(k) =
eiejfij(k), e is the unit vector directed along the axis z,
the superscript (0) corresponds to the background turbu-
lent convection (it is a turbulent convection without ro-
tation, Ω = 0), and τ(k) is the characteristic relaxation
time of the statistical moments. Note that we applied
the τ -approximation only to study the deviations from
the background turbulent convection which is caused by
the rotation. The background turbulent convection is
assumed to be known.
The τ -approximation is in general similar to Eddy
Damped Quasi Normal Markowian (EDQNM) approx-
imation. However, there is a principle difference between
these two approaches (see [30, 31]). The EDQNM clo-
sures do not relax to equilibrium, and this procedure does
not describe properly the motions in the equilibrium state
in contrast to the τ -approximation. Within the EDQNM
theory, there is no dynamically determined relaxation
time, and no slightly perturbed steady state can be ap-
proached [30]. In the τ -approximation, the relaxation
time for small departures from equilibrium is determined
by the random motions in the equilibrium state, but not
by the departure from equilibrium [30]. As follows from
the analysis performed in [30] the τ -approximation de-
scribes the relaxation to the equilibrium state (the back-
ground turbulent convection) more accurately than the
EDQNM approach.
Note that we analyzed the applicability of the τ -
approximation for description of the mean-field dynam-
ics of the mean magnetic field and mean scalar fields
by comparison of the derived mean-field equations using
other methods such as the path-integral approach and the
renormalization group approach (see [35, 36, 37, 38, 39].
This comparison showed that the τ -approximation yields
the results similar to that obtained by means of the other
methods.
(c). We assume that the characteristic times of vari-
ation of the second moments f(k), χ(k), . . . , Θ(k) are
substantially larger than the correlation time τ(k) for all
turbulence scales. This allows us to determine a station-
ary solution for the second moments f(k), χ(k), . . . ,Θ(k)
[see Eqs. (A22)-(A30) in Appendix A].
(d). For the integration in k-space of the second mo-
ments f(k), χ(k), . . . , Θ(k) we have to specify a model
for the background turbulent convection (without rota-
tion). Here we use the following model of the background
turbulent convection which will be discussed in more de-
tails in Appendix D:
f
(0)
ij (k) = f∗W˜ (k)[Pij(k) + εP
(⊥)
ij (k⊥)] , (9)
Φ
(0)
i (k) = k
−2
⊥ [k
2Φ(0)z (k)ejPij(k)
+iF (0)(k)(e×k)i] , (10)
Φ(0)z (k) = Φ
∗
zW˜ (k)
[
2σ − 3(σ − 1)
(
k⊥
k
)2]
, (11)
F (0)(k) = −6i(Φ∗ · (e×k))f (0)(k)/f∗ , (12)
G(0)(k) = (1 + ε)f (0)(k)k2 , (13)
Θ(0)(k) = 2Θ∗W˜ (k) , (14)
where fij(k) = 〈vi(k)vj(−k)〉, W˜ (k) = W (k)/8pik2,
f (0)(k) = f∗(k⊥/k)
2W˜ (k), and f
(0)
ij (k)eij = f
(0)(k),
ε =
2
3
( 〈u2⊥〉
〈u2z〉
− 2
)
is the degree of anisotropy of the turbulent velocity field
u = u⊥ + uze. Here Pij(k) = δij − kij , kij = kikj/k2,
k = k⊥ + kze, kz = k · e, P (⊥)ij (k⊥) = δij − k⊥ij − eij ,
k⊥ij = (k⊥)i(k⊥)j/k
2
⊥, eij = eiej , σ is the degree of
anisotropy of the turbulent flux of entropy (see below).
We assume that τ(k) = 2τ
0
τ¯ (k), W (k) = −dτ¯(k)/dk,
τ¯(k) = (k/k0)
1−q, 1 < q < 3 is the exponent of the
kinetic energy spectrum (e.g., q = 5/3 for Kolmogorov
spectrum), k0 = 1/l0, and l0 is the maximum scale
of turbulent motions, τ
0
= l0/u0 and u0 is the char-
acteristic turbulent velocity in the scale l0. Motion in
the background turbulent convection is assumed to be
non-helical. In Eqs. (9) and (10) we neglected small
terms ∼ O(Λf∗) and ∼ O(ΛΦ∗z), respectively. Now
we calculate f
(0)
ij ≡
∫
f
(0)
ij (k) dk using Eq. (9): f
(0)
ij =
(f∗/3)[δij + (3ε/4)(δij − eij)]. Note that −4/3 ≤ ε <∞.
The lower limit of ε follows from the condition f
(0)
xx ≥ 0
(or f
(0)
yy ≥ 0). Similarly, using Eqs. (10)-(12) we obtain
Φ(0) ≡ ∫ Φ(0)(k) dk = Φ∗. The parameter σ can be pre-
sented in the form
σ =
1 + ξ˜(q + 1)/(q − 1)
1 + ξ˜/3
, (15)
ξ˜ = (l⊥/lz)
q−1 − 1 , (16)
where l⊥ and lz are the horizontal and vertical scales
in which the two-point correlation function Φ
(0)
z (r) =
〈s(x)u(x + r)〉 tends to zero. The parameter ξ˜ deter-
mines the degree of thermal anisotropy. In particular,
when l⊥ = lz the parameter ξ˜ = 0 and σ = 1. For l⊥ ≪ lz
the parameter ξ˜ = −1 and σ = −3/(q−1). The maximum
value ξ˜max of the parameter ξ˜ is given by ξ˜max = q−1 for
σ = 3. Thus, for σ < 1 the thermal structures have the
form of column or thermal jets (l⊥ < lz), and for σ > 1
there exist the ‘’pancake” thermal structures (l⊥ > lz) in
the background turbulent convection.
The relationship between Φ∗z and f∗ follows from
Eq. (A1) for the kinetic turbulent energy ρ
0
〈u2〉, and it
is given by f∗ = 2λgτ0Φ
∗
z/ε, where λ = 2εδ∗/(ε+ 2) and
δ∗ = (3 − q)/2(q − 1). Note that for Kolmogorov spec-
trum q = 5/3 and δ∗ = 1. In Section III we will present
results for δ∗ = 1. For the integration in k-space we used
identities given in Appendixes B and C.
4Thus, the ”input parameters” in the theory include the
parameters that describe the model of background turbu-
lent convection, i.e., the degree of anisotropy of the tur-
bulent velocity field ε, the degree of anisotropy of the tur-
bulent flux of entropy σ, the maximum scale of turbulent
motions l0, the turbulent velocity u0 ≡
√
〈u2〉 =
√
f
(0)
pp
(the r.m.s. velocity) in the maximum scale of turbulent
motions, the exponent of the kinetic energy spectrum q.
The ”input parameters” also include the density strati-
fication length Λ and the angular velocity Ω. Note that
f∗ = u
2
0/(1 + ε/2) and Φ
∗
z = u
2
0/(2δ∗gτ0). The described
above procedure allows us to determine the dependencies
of the hydrodynamic helicity, the alpha-effect and the ef-
fective drift velocity of the mean magnetic field on the
rate of rotation.
The considered model of a background turbulent con-
vection written in k-space is enough general and it does
not contradict to the known Nusselt number dependen-
cies on Rayleigh number. On the other hand, the ob-
servations of the turbulent convection on the surface of
the Sun cannot give the Nusselt number dependence on
Rayleigh number, i.e., it is possible to obtain only one
point in this curve. The parameters ε, u0, l0, Ω, etc can
be calculated from the solar observations. In addition,
the direct numerical simulations of turbulent convection
(see [18, 22, 23]) are in an agreement with our model of
turbulent convection.
III. EFFECT OF ROTATION
In this Section we present the results of the calcula-
tions (described above) for the hydrodynamic helicity,
the alpha-effect and the effective drift velocity of the
mean magnetic field as the functions of the rate of ro-
tation and an anisotropy of turbulence.
A. The hydrodynamic helicity
Using Eqs. (A34) and (A38) in Appendix A we find
the dependence of the hydrodynamic helicity χ(v) =
〈u · (∇×u)〉 on the angular velocity:
χ(v) = − 1
12
(
l20Ω
Lρτ0
)
[Ψ1(ω) + Ψ2(ω) sin
2 φl
+Ψ3(ω) sin
4 φl] sinφl (17)
(for details, see Appendix A), where ω = 4τ
0
Ω, l0 =
u0τ0 , u
2
0 = 2gτ0Φ
∗
zδ∗, sinφl = ωˆ · e, φl is the latitude,
ωˆ = Ω/Ω, e is the unit vector directed along the z-axis,
Lρ = Λ
−1, the functions Ψm(ω) are given by Eqs. (C1)
in Appendix C. Hereafter we assume that δ∗ = 1. For a
slow rotation (ω ≪ 1) the hydrodynamic helicity χ(v) is
given by
χ(v) ≈ −1
6
(
l20Ω
Lρτ0
)
sinφl
(
164σ
15
+
12
5
− 5λ
)
, (18)
and for ω ≫ 1 it is given by
χ(v) ≈ 3pi
8
(
l0u0
Lρτ0
)
λ
(
1 +
1
4
sin2 φl
)
sinφl . (19)
Note that the meaning ω ≡ 4Ωτ
0
≫ 1 is ω large, but
only up to some upper limit, i.e., an intermediate range
of values. This implies that the rotation cannot be very
fast to affect the correlation time τ(k) of turbulent veloc-
ity field in its inertial range. Also we assumed that the
parameters ε and σ are independent of ω.
B. The α-effect
Now we find the dependence of the α-effect on the an-
gular velocity. To this end we use the induction equation
for the magnetic field
∂H
∂t
=∇× (u×H− η∇×H) , (20)
where η is the magnetic diffusion due to the electrical
conductivity of fluid. The magnetic field, H, is divided
into the mean and fluctuating parts: H = B+ b, where
the mean magnetic field B = 〈H〉 and b is the fluctuating
field. An equation for h =
√
ρ0 b follows from Eq. (20)
and it is given by
∂h
∂t
= (B ·∇)v − (v ·∇)B− (v ·Λ)B
+
1
2
(B ·Λ)v +HN , (21)
where HN are the nonlinear terms which also include
the magnetic diffusion term [see Eq. (A47) in Ap-
pendix A]. In order to derive equation for the α-tensor
we introduce the electromotive force Ei = 〈u × b〉i =
ρ−10 εimn
∫
χ
(c)
mn(k) dk, where χ
(c)
ij (k) = 〈vi(k)hj(−k)〉 ≡
Lˆ(vi, hj). A general form of the electromotive force
is given by Ei = αijBj + (Veff×B)i − ηij(∇×B)j −
κijk(∂Bˆ)ij − [δ×(∇×B)]i = aijBj + bijkBi,j (see, e.g.,
[40] and Appendix A), where the tensors αij and ηij de-
scribe the α-effect and turbulent magnetic diffusion, re-
spectively, Veff is the effective diamagnetic (or paramag-
netic) velocity, κijk and δ describe a nontrivial behavior
of the mean magnetic field in an anisotropic turbulence,
Bi,j = ∇jBi and (∂Bˆ)ij = (1/2)(Bi,j + Bj,i). The α-
tensor, αij , is determined by a symmetric part of the
tensor aij , i.e., by a
(S)
ij ≡ (1/2)(aij + aji). The tensor aij
is calculated in Appendix A. The α-tensor is given by
αij =
1
6
(
l20Ω
Lρ
)
{sinφl [(Ψ4(ω) + Ψ5(ω) sin2 φl) δij
+(Ψ6(ω) + Ψ7(ω) sin
2 φl)ωij + Ψ8(ω) eij ]
+[Ψ9(ω) + Ψ10(ω) sin
2 φl] (eiωˆj + ejωˆi)} , (22)
(for details, see Appendix A), where ωij = ωˆiωˆj , eij =
eiej , the functions Ψm(ω) are given by Eqs. (C1) in
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FIG. 1: Characteristic ranges of parameters with differ-
ent behavior of α-effect (FIG.1a) and the parameter αχ =
−(1/3)τ
0
χ(v) (FIG.1b). The range I for the α-effect (FIG.1a)
also exists for −2 < λ < 0 and −9/2 < σ < 3.
Appendix C. Here we present asymptotic formulas for
the isotropic part (α
(isotr)
ij ≡ αδij) of the α-tensor. For a
slow rotation (ω ≪ 1) the parameter α is given by
α ≈ 4
5
(
l20Ω
Lρ
)(
2− σ
3
− 5λ
6
)
sinφl , (23)
and for ω ≫ 1 it is given by
α ≈ − pi
32
(
l0u0
Lρ
)(
2λ+
σ
3
− 3
+(σ − 1) sin2 φl
)
sinφl . (24)
It is seen from Eqs. (18) and (23) that for a slow rotation
and isotropic background turbulent convection (σ = 1
and ε = 0), the parameter α ≈ −(5/27)τ
0
χ(v), where
χ(v) = 〈u · (∇×u)〉. However, when a rotation is not
slow, the latter relationship does not valid.
The α-effect depends on the degrees of the velocity
anisotropy ε and the thermal anisotropy σ. Asymptotic
formulas for a slow rotation (ω ≪ 1) and for ω ≫ 1
show that there are several characteristic ranges of pa-
rameters with different behavior of α-effect. In FIG. 1a
these ranges are separated by lines σ = 3(3 − 2λ),
σ = 3(1 − λ/2) and σ = 6 − 5λ/2, where −2 < λ < 2,
−9/2 < σ < 3, and 0 ≤ φl ≤ pi/2. Here λ = 2ε/(ε+2). In
the ranges I and II the α-effect does not change its sign
for all Ωτ
0
and φl. In particular, in the range I: α > 0
and in the range II: α < 0. In the range V the α-effect
changes its sign at a certain value of Ωτ
0
for all φl. In the
ranges III and IV the α-effect changes its sign at a cer-
tain value of Ωτ
0
and a certain range of the latitudes φl.
In the range III the degree of thermal anisotropy σ > 1
(which corresponds to the ”pancake” small-scale thermal
structure of the background turbulent convection), and
in the range IV the degree of thermal anisotropy σ < 1
(i.e., a column-like thermal structure). The α-effect can
be negative for a slow rotation only in the range II. Note
that the negative α-effect corresponds to the propagation
of the solar dynamo waves to the equator.
Our analysis shows that when the rotation is not slow,
the α-effect is determined not only by the contributions
from the hydrodynamic helicity and its behavior is much
more complicated in a rotating fluid. In order to demon-
strate this we plotted in FIGS. 2-4 the dependencies of
the α-effect (solid line) and αχ ≡ −(1/3)τ0χ(v) (dashed
line) on the parameter Ωτ
0
for different latitudes (FIG.
2 is for the latitude φl = 15
◦, FIG. 3 is for φl = 35
◦
and FIG. 4 is for φl = 90
◦). Here the parameters α and
αχ are measured in the units of l0u0/4Lρ. Figures 2-4
demonstrate that the functions α(Ωτ
0
) and αχ(Ωτ0) are
totally different. For example, in the case ε = 13 and
σ = 0 the α-effect and αχ have opposite signs for all Ωτ0
(see FIG. 4c).
Figure 1b shows the ranges of parameters (σ and λ)
with different behavior of αχ. In FIG. 1b these ranges
are separated by lines σ = (9/41)(25λ/12−1) and λ = 0,
where −2 < λ < 2 and −9/2 < σ < 3. The numeration
of the ranges in FIG. 1b for αχ is the same as for the
parameter α in FIG. 1a. Comparison of FIGS. 1a and 1b
shows that the ranges III and IV (whereby the α-effect
changes its sign at a certain value of Ωτ
0
and a certain
range of the latitudes φl) do not exist for αχ. On the
other hand, there is a new range (the range VI) in FIG
1b whereby the sign of αχ changes from negative value for
a slow rotation to positive value for ω ≫ 1. The locations
of the ranges II and V for αχ are different from that of
the α-effect. Therefore, the behavior of the parameter
αχ and the α-effect are different in a rotating fluid.
The dependencies of the α effect on the latitude φl for
different values of the degrees of anisotropy ε and σ, and
different values of the parameter Ωτ
0
are shown in FIG. 5.
It is seen in FIG. 5b that the α effect changes its sign at
φl ≈ 20◦−40◦ for Ωτ0 = 5 (this value of Ωτ0 corresponds
to the lower part of the solar convective zone).
In view of the applications to the astrophysics, the case
with negative α-effect for φl > 0 is most important be-
cause this provides a propagation of the solar dynamo
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◦ and
different values of the degrees of anisotropy: (a). ε = 0 and
σ = 1; (b). ε = 1.2 and σ = 2; (c). ε = 13 and σ = 0. In FIG.
2c the α effect is multiplied by 5.
waves to the equator according to the solar observations
(see, e.g., [5, 6, 7, 8, 10]).
C. The effective drift velocity of the mean
magnetic field
Now we determine the effective drift velocity V
(d)
k ≡
−(1/2)εkija(AS)ij = V (1)k +V (2)k of the mean magnetic field
using Eq. (A69), where a
(AS)
ij = (1/2)(aij − aji), and
V(1) =
1
48
(
l0u0
Lρ
)
{e[E1(ω) + E2(ω) sin2 φl
+E3(ω) sin
4 φl]− 1
2
eθ[E4(ω)
+E3(ω) sin
2 φl] sin(2φl)} , (25)
V(2) =
1
6
(
l20Ω
Lρ
)
[E5(ω)
+E6(ω) sin
2 φl](ωˆ×e) . (26)
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FIG. 3: The α (solid line) and αχ = −(1/3)τ0χ
(v) (dashed
line) as the functions of the parameter Ωτ
0
for φl = 35
◦ and
different values of the degrees of anisotropy: (a). ε = 0 and
σ = 1; (b). ε = 1.2 and σ = 2; (c). ε = 13 and σ = 0.
(for details, see Appendix A), where r, θ, ϕ are the spher-
ical coordinates, φl = pi/2 − θ, ωˆ×e = cosφl eϕ, ωˆ =
e sinφl − eθ cosφl, the functions Ek(ω) are given in Ap-
pendix C. For a slow rotation (ω ≪ 1) the effective drift
velocities are given by
V(1) ≈ − 4
15
(
l0u0
Lρ
)[
e
(
1− σ
6
+
5
4(ε+ 2)
+O(ω2)
)
− eθ 5
12
ω2
(
1− σ
6
− 3ε− 1
7(ε+ 2)
)
sin(2φl)
]
, (27)
V(2) ≈ 4
5
(
l20Ω
Lρ
)(
1− σ
6
+
5(1− ε)
9(ε+ 2)
)
(ωˆ×e) , (28)
and for ω ≫ 1 they are given by
V(1) ≈ − pi
8ω
(
l0u0
Lρ
)
[e(1 + sin2 φl)
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−1
2
eθ sin(2φl)] , (29)
V(2) ≈ 1
2ω
(
l0u0
Lρ
)
(σ − 1) sin2 φl (ωˆ×e) . (30)
For ω = 0 this effective drift velocity, V(1), corresponds
to the well-known turbulent diamagnetic velocity (see,
e.g., [5, 6, 7, 8, 9]). Indeed, since we suggested that
∇(ρ〈u2〉) ≈ 0, thus ∇〈u2〉/〈u2〉 ≈ L−1ρ e and Eq. (27)
for ω = 0 reads
V(1) ≈ − 4
15
(
l20Ω
Lρ
)(
1− σ
6
+
5
4(ε+ 2)
)
τ
0
∇〈u2〉 ,(31)
where τ
0
= l0/u0. Figure 6 shows the effective drift ve-
locities: V
(1)
θ and V
(1)
r as the functions of the parameter
Ωτ
0
for different values of the degrees of anisotropy.
The effective drift velocity V(2) causes an additional
differential rotation. Indeed, let us introduce the an-
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(dashed-dotted); ε = 13 and σ = 0.415 (dotted); and for
different values of the parameter Ωτ
0
: (a). Ωτ
0
= 0.1; (b).
Ωτ
0
= 5. The dashed-dotted line in FIG. 5b shows α/5. The
latitude is measured in degrees.
gular velocity difference, δΩ, which is determined from
the identity: V(2) = δΩ r (ωˆ×e). Comparison of this
definition with Eqs. (28) and (30) yields equations for
δΩ(r) ∝ r−1. Calculating the r-derivatives of δΩ(r) we
obtain equations which determine the differential rota-
tion for a slow rotation (ω ≪ 1)
∂(δΩ)
∂r
≈ −4
5
(
l20Ω
Lρ r2
)(
1− σ
6
+
5(1− ε)
9(ε+ 2)
)
, (32)
and for ω ≫ 1:
∂(δΩ)
∂r
≈ 1
2ω
(
l0u0
Lρ r2
)
(1− σ) sin2 φl . (33)
The electromotive force has a term a
(c)
ij Bj which for
an axisymmetric case contributes only to an additional
effective drift velocity, V(3), of the mean magnetic field,
i.e.,
a
(c)
ij Bj = [V
(3)×(Bp −BT )]i (34)
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FIG. 6: The effective drift velocities: (a). V
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for different values of the degrees of anisotropy: ε = 13 and
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σ = 0 (dotted); ε = 0 and σ = 1 (dashed).
(for details, see Appendix A), where B = BT + Bp is
the mean magnetic field with the toroidal, BT , and the
poloidal, Bp, components, the tensor a
(c)
ij is determined
by Eq. (A59), and the additional effective drift velocity
is given by
V(3) =
1
24
(
l0u0
Lρ
)
{e[E7(ω) + E8(ω) sin2 φl
+E9(ω) sin
4 φl] +
1
2
eθ[E10(ω)
−E9(ω) sin2 φl] sin(2φl)} (35)
(for details, see Appendix A). Note that for a slow rota-
tion (ω ≪ 1) the additional effective drift velocity is very
small, i.e., V (3) ∼ O(ω2), and for ω ≫ 1 it is given by
V(3) ≈ pi
8ω
(
l0u0
Lρ
)
cosφl {e cosφl[λ+ 10− 13σ
−18(σ − 1) sin2 φl] + eθ sinφl[λ− σ
−18(σ − 1) cos2 φl]} . (36)
Now we determine the total effective drift velocity in an
axisymmetric case:
[V(d)×B]i + a(c)ij Bj = [V(B)×BT +V(A)×Bp]i , (37)
where
V(B) = V(d) −V(3) , V(A) = V(d) +V(3) . (38)
Therefore, the effective drift velocities, V(B) and V(A),
for the toroidal and poloidal magnetic fields are different.
The additional effective drift velocity, V(3), is a result of
an interaction of turbulent convection with inertial waves
and Rossby waves. Indeed, a part of the tensor a
(c)
ij (k) ∝
ψ
Ω
ψ
R
, where ψ
Ω
= 2(Ω · k)/k is the frequency of the
inertial waves and ψ
R
= 2ΛΩxky/k
2 is the frequency of
Rossby waves [see Eqs. (34) and (A37)].
IV. DISCUSSION
In this paper we studied an effect of rotation on a de-
veloped turbulent stratified convection. This allowed us
to determine the dependencies of the hydrodynamic he-
licity, the alpha-tensor and the effective drift velocity of
the mean magnetic field on the rate of rotation and an
anisotropy of turbulence. We demonstrated that in a
turbulent convection the alpha-effect can change its sign
depending on the rate of rotation and an anisotropy of
turbulence. We found different properties of the effective
drift velocity of the mean magnetic field in a rotating
turbulent convection. In particular, a poloidal effective
drift velocity can be diamagnetic or paramagnetic de-
pending on the rate of rotation. There is a difference in
the effective drift velocities for the toroidal and poloidal
magnetic fields which increases with the rate of rotation.
We found also a toroidal effective drift velocity which can
play a role of an additional differential rotation.
Some of the results obtained in our paper using the τ -
approximation are observed in the direct numerical sim-
ulations of the stratified turbulent convection (see [23]).
In particular, it was found in [23] that the alpha-effect
can change its sign depending on the rate of rotation. It
was also demonstrated in [23] that there is a difference in
the effective drift velocities for the toroidal and poloidal
magnetic fields, and that an observed toroidal effective
drift velocity in [23] can play a role of an additional dif-
ferential rotation.
Now we apply the obtained results for the analysis of
an axisymmetric αΩ-dynamo. The mean magnetic field
in an axisymmetric case is given byB = Beϕ+∇×(Aeϕ),
where A is the vector potential. The equations for B and
A in dimensionless form are given by
∂B
∂t
+ r⊥∇·(V(B) r−1⊥ B) = D (ΩˆA) + ∆sB , (39)
∂A
∂t
+ r−1⊥ (V
(A)·∇) (r⊥ A) = αB +∆sA , (40)
9where the length is measured in units of the thickness
of the convective zone Lc, the time is measured in units
of L2c/ηT , the velocity is measured in units of ηT /Lc,
the turbulent magnetic diffusion η
T
= l0u0/3, and u0
is the characteristic turbulent velocity in the scale l0,
D = RαRω is the dynamo number, Rα = Lcα∗/ηT
and Rω = L
2
c(δΩ)∗/ηT . Here α is measured in units
of the maximum value α∗ of the α effect, (δΩ)∗ is the
characteristic differential rotation in the scale Lc, ΩˆA =
[∇(δΩ)×∇(r⊥ A)] · eϕ, ∆s = ∆ − r−2⊥ , r⊥ = r sin θ and
we used the induction equation for the mean magnetic
field (see, e.g., [5, 6, 7, 8, 9]) and Eqs. (37) and (38).
When V(A) = V(B) and∇·V(B) = 0, Eqs. (39) and (40)
coincide with that given in [5]. Now we seek for a solution
of Eqs. (39) and (40) in the form A,B ∝ exp(γˆt+ ik·x),
where k = kek, ek = eϕ×eΩ , the unit vector eΩ is di-
rected opposite to ∇(δΩ) and
γˆ = κ/2− k2 − ikU (1)
±[(κ/2 + ikU (3))2 + ikD]1/2 , (41)
κ = −∇·V(B), U (1,3) = V(1,3) · ek and γˆ = γB + iωB .
In the limit of large dynamo number |D| the maximum
growth rate of the mean magnetic field γ
B
is given by
γ
B
= (3/4)(|D|/4)2/3 + κ/2 , (42)
which is achieved at the wave number km =
(1/2)(|D|/4)1/3. At this wave number the frequency ω
B
of the dynamo wave is
ω
B
= −(|D|/4)2/3 − (1/2)U (1)(|D|/4)1/3 (43)
(see [41]). The negative sign of ω
B
implies that the
dynamo waves propagate to the equator in agreement
with the solar magnetic field observations. On the other
hand, the divergence of the effective drift velocity V(B)
of the toroidal magnetic field can cause an increase of
the growth rate of the mean magnetic field when κ > 0.
The change of the sign of the α-effect depending on the
rate of rotation and anisotropy of turbulent convection
(see Section III-B) can explain the observed direction of
propagation of the solar dynamo waves.
Note that a meridional circulation in the solar con-
vective zone can also cause an equatorward drift of the
solar dynamo wave (see, e.g., [5, 42, 43]). However, it was
shown recently in [44] that the meridional velocity, which
is required for the equatorward propagation of the solar
dynamo wave with the period ∼ 22 years, should be of
the order of ∼ 10− 12 m/s. Such large meridional veloc-
ities are not observed on the solar surface. On the other
hand, we found that the effective drift velocities of the
mean magnetic field have a meridional component (along
eθ). This velocity has the maximum (V
(1)
θ )max ∼ 10− 12
m/s in the upper part of the solar convective zone. There-
fore, this meridional effective drift velocity of the mean
magnetic field can cause the equatorward propagation of
the solar dynamo wave in the upper part of the solar
convective zone. Note that the meridional circulations
in the solar convection zone and the meridional compo-
nent of the effective drift velocities of the mean magnetic
field are different characteristics, because the first veloc-
ity describes large-scale fluid motions (which may cause
advection of the mean magnetic field by the large-scale
fluid motions, i.e., by the mean flow), and the second ve-
locity determines the drift velocity of the mean magnetic
field (which is originated from the mean electromotive
force E = 〈u× b〉).
We found also that in the upper part of the solar con-
vective zone the α effect does not change its sign, i.e., it
is positive. But in the lower part of the solar convective
zone the α effect changes its sign, because the parame-
ter Ωτ
0
increases with the increase of the depth the so-
lar convective zone, and the α effect becomes negative.
Therefore, in the lower part of the solar convective zone
the negative α effect is responsible for the equatorward
propagation of the solar dynamo waves. On the other
hand, the meridional effective drift velocity of the mean
magnetic field in the lower part of the solar convective
zone is very small and, thus, it cannot be used for the
explanation of the equatorward propagation of the solar
dynamo wave.
Therefore, both effects, the meridional effective drift
velocity of the mean magnetic field in the upper part of
the solar convective zone and the sign reversal of the α
effect in the lower part of the solar convective zone, can
cause the equatorward propagation of the solar dynamo
wave.
Note that in the present study we did not discuss the
magnetic buoyancy effects which play an important role
in a creation of strongly inhomogeneous magnetic struc-
tures (see, e.g., [6, 34, 35, 45, 46]).
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APPENDIX A: DERIVATIONS OF EQS. (17),
(22), (25), (26) AND (35).
1. The conservation equations
Equations (2) and (3) yield the following conservation
equations for the kinetic energy Wu = ρ0u
2/2 and for
WS = ρ0S
2/2 :
∂Wu/∂t+∇ · Fu = Iu −Du , (A1)
∂WS/∂t+∇ ·FS = IS −DS , (A2)
where the source terms in these equations are Iu =
−ρ
0
(u · g)S and IS = −IuΩ˜2b/g2, the dissipative terms
are Du = −ρ0(u · fν) and DS = ρ0S∇ · Fκ, the
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fluxes are Fu = u (Wu + P ) and FS = uWS . Equa-
tions (A1) and (A2) yield a conservation equation for
WE =WuΩ˜
2
b/g
2 +WS
∂WE/∂t+∇ ·FE = −DE , (A3)
where the dissipative term is DE = DuΩ˜
2
b/g
2 + DS
and the flux is FE = FuΩ˜
2
b/g
2 + FS . Equation (A3)
does not have a source term and it implies that with-
out the dissipation (DE = 0) the value
∫
WE dV is con-
served, where in the latter formula the integration over
the volume is performed. For the convection Ω˜2b < 0
and, therefore, WS ≈ Wu|Ω˜2b |/g2. Averaging Eq. (A1)
over an ensemble of fluctuations we obtain a relationship
between the flux of the entropy and the dissipation of
the kinetic energy in a stationary turbulent convection:
〈uiS〉gi = 〈u · fν〉. Similarly, averaging Eq. (A3) over an
ensemble of fluctuations we obtain 〈u2〉 = 〈S2〉(g2/|Ω˜2b |).
Equation (A1) yields the relationship between Φ∗z and f∗:
f∗ = 2λgτ0Φ
∗
z/ε.
2. Modification of turbulent convection by rotation
Now we study a modification of turbulent convection
by rotation. To this end we derive equations for the fol-
lowing second moments:
fij(k) = Lˆ(vi, vj) , χ(k) = Lˆ(w, vz) ,
F (k) = Lˆ(s, w) , G(k) = Lˆ(w,w) ,
Φi(k) = Lˆ(s, vi) , Θ(k) = Lˆ(s, s) ,
using Eqs. (5)-(7), where Lˆ(a, b) = 〈a(k)b(−k)〉 and v =√
ρ0(z)u. The equations for these correlation functions
are given by
∂f(k)
∂t
=
2ψ
Λ
k2
χ
R
(k)− 2ψΩ
k
χ
I
(k)
+2g⊥(k)ΦR(k) + fN , (A4)
∂χ(k)
∂t
= (ikψ
Ω
− ψ
Λ
)
(
f(k)− 1
k2
G(k)
)
−iψ
R
χ(k) + g⊥(k)F (−k) + χN , (A5)
∂Φz(k)
∂t
= −Ω
2
b
g
f(k)− 1
k2
(ikψ
Ω
− ψ
Λ
)F (k)
−iψ
R
Φz(k) + g⊥(k)Θ(k) + ΦN , (A6)
∂F (k)
∂t
= −Ω
2
b
g
χ(−k)− (ikψ
Ω
+ ψ
Λ
)Φz(k)
+FN , (A7)
∂G(k)
∂t
= 2kψ
Ω
χ
I
(k)− 2ψ
Λ
χ
R
(k) +GN , (A8)
∂Θ(k)
∂t
= −2Ω
2
b
g
ΦR(k) + ΘN , (A9)
where
ΦR(k) = [Φz(k) + Φz(−k)]/2 ,
ΦI(k) = [Φz(k) − Φz(−k)]/2i ,
and similarly for other second moments, f
N
, χ
N
, . . . , ΘN
are the third moments which are given by
f
N
(k) = Lˆ(VN , vz) + Lˆ(vz , VN ) ,
χ
N
(k) = Lˆ(WN , vz) + Lˆ(w, VN ) ,
ΦN (k) = Lˆ(SN , vz) + Lˆ(s, VN ) ,
FN (k) = Lˆ(SN , w) + Lˆ(s,WN ) ,
GN (k) = Lˆ(WN , w) + Lˆ(w,WN ) ,
ΘN (k) = Lˆ(SN , s) + Lˆ(s, SN ) ,
and
VN = −√ρ0 e · {∇×[∇×((u ·∇)u− fν)]},(A10)
WN =
√
ρ0 e · [∇×(u×w + fν)] , (A11)
SN = −√ρ0
{
(u ·∇)
(
s√
ρ0
)
+
1
T0
div
[
Fκ
(
s√
ρ0
)]}
, (A12)
ψ
Λ
= Ω ·Λ, ψ
Ω
= 2(Ω ·k)/k, ψ
R
= 2ΛΩxky/k
2, and
g⊥(k) = g(k⊥/k)
2.We assumed that (1/4)Λ2 ≪ k2. Now
we introduce the following variables:
χp(k) = kψΩ χR(k) + ψΛ χI (k) ,
χm(k) = kψΩ χI (k)− ψΛ χR(k) ,
Fp(k) = kψΩ FR(k) − ψΛ FI(k) ,
Fm(k) = kψΩ FI(k) + ψΛ FR(k) ,
which allow us to rewrite Eqs. (A4)-(A9) as follows
∂f(k)
∂t
= − 2
k2
χm(k) + 2g⊥(k)ΦR(k)
+f
N
, (A13)
∂χp(k)
∂t
= ψ
R
χm(k) + g⊥(k)Fp(k) + χ
(p)
N
, (A14)
∂χm(k)
∂t
= (kψ
Ω
)2
(
f(k)− 1
k2
G(k)
)
− ψ
R
χp(k)
−g⊥(k)Fm(k) + χ(m)
N
, (A15)
∂ΦR(k)
∂t
=
1
k2
Fm(k) + ψRΦI(k)
+g⊥(k)Θ(k) + Φ
(R)
N , (A16)
∂ΦI(k)
∂t
= − 1
k2
Fp(k)− ψRΦR(k) + Φ(I)N , (A17)
∂Fp(k)
∂t
= (kψ
Ω
)2ΦI(k) + F
(p)
N , (A18)
∂Fm(k)
∂t
= −(kψ
Ω
)2ΦR(k) + F
(m)
N , (A19)
∂G(k)
∂t
=
2
k2
χm(k) +GN , (A20)
∂Θ(k)
∂t
= ΘN , (A21)
where we neglected small terms proportional to Ω2b/g.
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Next, we use the τ -approximation which allows us to
express the third moments f
N
, χ(p)
N
, . . . , ΘN in Eqs.
(A13)-(A21) in terms of the second moments [see Eqs.
(8)], where the superscript (0) corresponds to the back-
ground turbulent convection (it is a turbulent convection
without rotation, Ω = 0), and τ(k) is the characteristic
relaxation time of the statistical moments. We consider
the background turbulent convection with χ(0)(k) = 0.
We assume that the characteristic times of variation of
the second moments f(k), χp(k), . . . , Θ(k) are substan-
tially larger than the correlation time τ(k) for all turbu-
lence scales. This allows us to get a stationary solution
of Eqs. (A13)-(A21):
f(k) = f (0)(k)− 2ψ2
Ω
[µ1(k)
+τ(k)g⊥(k)ΦR(k)] , (A22)
χ
R
(k) = −ψ
Λ
µ1(k) + kψΩψRµ2(k) , (A23)
χ
I
(k) = kψ
Ω
µ1(k) , (A24)
ΦR(k) =
Φ(0)(k)
1 + ψ2
Ω
, (A25)
ΦI(k) = −ψRΦ
(0)(k)
(1 + ψ2
Ω
)2
, (A26)
FR(k) = kψΩΦI(k)− ψΛΦR(k) , (A27)
FI(k) = F
(0)
I (k)− kψΩΦR(k) , (A28)
G(k) = G(0)(k) + 2(kψ
Ω
)2µ1(k) , (A29)
Θ(k) = Θ(0)(k) , (A30)
where we changed τψ
R
→ ψ
R
, τψ
Ω
→ ψ
Ω
, τψ
Λ
→
ψ
Λ
,
µ1(k) = − 1
1 + 4ψ2
Ω
[εf (0)(k)
−τ(k)g⊥(k)ΦR(k)(1 − 2ψ2
Ω
)] ,
µ2(k) = µ1(k) − τ(k)g⊥(k)ΦR(k)
1 + ψ2
Ω
,
and f (0)(k)−G(0)(k)/k2 ≡ −εf (0)(k). Here we neglected
the terms ∼ O[(Λl0)2]. We will show below that the first
term in Eq. (A23), χ(1)
R
(k) = −ψ
Λ
µ1(k), contributes
to the α-effect, whereas the second term in Eq. (A23),
χ(2)
R
(k) = kψ
Ω
ψ
R
µ2(k), contributes to the additional ef-
fective drift velocity. Thus, Eqs. (A22)-(A30) describe a
modification of turbulent convection by rotation.
3. The correlation tensor of velocity field
The functions f(k), G(k) and χ(k) determine the cor-
relation tensor fij(k) ≡ 〈vi(k)vj(−k)〉:
fij(k) = f
(a)
ij (k) + f
(b)
ij (k) , (A31)
f
(a)
ij (k) =
(
k⊥
k
)2{
f(k)Pij(k)
−
(
f(k)− 1
k2
G(k)
)
P
(⊥)
ij (k⊥)
+(i/2k2)(kjΛi − kiΛj)f(k)
}
, (A32)
f
(b)
ij (k) = (1/2k
4
⊥){[i(k · e)B(M)ij − (Λ/2)B(P )ij
−i2k2⊥εijpkp]χR(k) + [(k · e)B(P )ij
−(iΛ/2)B(M)ij − 2k2⊥A(P )ij ]χI (k)} , (A33)
and Pij(k) = δij − kij , kij = kikj/k2, k =
k⊥ + (k · e)e, P (⊥)ij (k⊥) = δij − k⊥ij − eij , k⊥ij =
(k⊥)i(k⊥)j/k
2
⊥, eij = eiej , and A
(P )
ij = (k⊥×e)iej +
(k⊥×e)jei, B(P )ij = (k⊥×e)i(k⊥)j + (k⊥×e)j(k⊥)i and
B
(M)
ij = (k⊥×e)i(k⊥)j − (k⊥×e)j(k⊥)i. For the deriva-
tion of Eqs. (A32) and (A33) the velocity v⊥ is writ-
ten as a sum of the vortical and the potential compo-
nents, i.e., v⊥ =∇×(Ce) +∇⊥ϕ˜, where v = v⊥ + vze,
w = −∆⊥C, ∆⊥ϕ˜ = Λvz/2 − ∂vz/∂z, ∇ · v =
(Λ/2)(v ·e), ∇⊥ =∇−e(e·∇).We also used the iden-
tities (k⊥×e)i(k⊥×e)j = k2⊥P (⊥)ij (k⊥) and (k · e)B(M)ij −
k2⊥A
(M)
ij = k
2
⊥εijpkp (see, e.g., [47]). In Eq. (A33) we
neglected the terms ∼ O[(Λl0)2].We will use Eqs. (A32)
and (A33) for the calculation of the hydrodynamic helic-
ity and the α effect.
4. The hydrodynamic helicity
Now we find the dependence of the hydrodynamic he-
licity χ(v) = 〈u · (∇×u)〉 on the rate of rotation and
anisotropy of turbulence. In k-space the hydrodynamic
helicity is given by
χ(v)(k) ≡ −i εinmkifmn(k) exp(Λz)
= (1 + k2/k2⊥)χR(k) exp(Λz) , (A34)
where we used Eqs. (A32) and (A33). The function
exp(Λz) in Eq. (A34) implies that we used the transfor-
mation u = exp(Λz/2)v. Equation (A34) can be rewrit-
ten as
χ(v)(k) = exp(Λz)[χ1(k) + χ2(k)] , (A35)
where
χ1(k) = −ψΛµ1(k)(1 + k2/k2⊥) , (A36)
χ2(k) = −4τ2Ω2Λ(ωˆ × e)mωˆnkmnµ2(k)(1
+k2/k2⊥) , (A37)
where ωˆ = Ω/Ω and we used the identity kψ
Ω
ψ
R
=
−4τ2Ω2Λ(ωˆ × e)mωˆnkmn. The integration in k-space in
χ1,2 =
∫
χ1,2(k) dk yields
χ1 = − 1
12δ∗
(
l20Ω
Lρτ0
)
sinφl {(σ + 3)φ1{I(2)mm}
12
+(7σ − 9)φ
1
{M (2)mm} − 3(σ − 1)φ1{emnM (2)mn}
+(λ/2)[M (1)mm(2ω)− 2I(1)mm(2ω)]} , (A38)
χ2 ∝ (ωˆ × e)mωˆn[I(p)mn(ω)−M (p)mn(ω)] = 0 , (A39)
where ω = 4τ
0
Ω, u20 = 2gτ0Φ
∗
zδ∗, sinφl = ωˆ · e,
l0 = u0τ0 , φ1{X} = 2X(2ω) − X(ω), e.g., φ1{I(2)mn} =
2I
(2)
mn(2ω)− I(2)mn(ω),
I
(p)
ij (ω) = (6/piω
p+1)
∫ ω
0
ypI¯ij(y
2) dy , (A40)
M
(p)
ij (ω) = (6/piω
p+1)
∫ ω
0
ypM¯ij(y
2) dy , (A41)
M¯ij(y) = emnI¯ijmn(y), I¯ij(z) and I¯ijmn(z) are deter-
mined by Eqs. (B1) and (B2) in Appendix B, and the
exponent p = 1, 2, 3, 4 is determined by τp in the ex-
pressions for the the hydrodynamic helicity, the α effect
and the effective drift velocity (see below). For example,
p = 1, 2 in Eq. (A38). Equation (A38) yields the an-
gular velocity dependence of the hydrodynamic helicity
χ(v) which is given by Eq. (17).
5. The electromotive force
In order to derive equation for the α-tensor we intro-
duce the electromotive force
Ei = 〈u× b〉i = exp(Λz)εimn
∫
χ(c)mn(k) dk , (A42)
where χ
(c)
ij (k) = Lˆ(vi, hj) ≡ 〈vi(k)hj(−k)〉 is the cross-
helicity tensor. Using equation for v =∇×(Ce)+∇⊥ϕ˜+
vze we obtain
χ
(c)
ij (k) = k
−2
⊥ {i(k×e)iξj(k) + [k2⊥ei − (ki
−kzei)(kz + iΛ/2)]χ(c)j (k)} , (A43)
where χ
(c)
j (k) = eiχ
(c)
ij (k) = Lˆ(vz , hj) and ξ(k) =
Lˆ(w,h). Using Eqs. (5)-(7) and (21) we derive equations
for ξ(k), χ(c)(k) and ζ(k) = Lˆ(s,h):
∂ξ
∂t
= I(w) + (ikψ
Ω
− ψ
Λ
)χ(c)(k) + ξ
N
, (A44)
∂χ(c)
∂t
= I(v) + k−2(ikψ
Ω
+ ψ
Λ
)ξ(k) + iψ
R
χ(c)
+g⊥(k)ζ + χ
(c)
N
, (A45)
∂ζ
∂t
= I(s) + ζ
N
, (A46)
where ξ
N
, χ(c)
N
and ζ
N
are the third moments:
ξ
N
(k) = Lˆ(WN ,h) + Lˆ(w,HN ) ,
χ(c)
N
(k) = Lˆ(VN ,h) + Lˆ(vz ,HN ) ,
ζ
N
(k) = Lˆ(SN ,h) + Lˆ(s,HN) ,
and
HN =
√
ρ0 ∇×(u×b− E − η∇×b) , (A47)
ψ
Λ
= Ω ·Λ, ψ
Ω
= 2(Ω ·k)/k, ψ
R
= 2ΛΩxky/k
2, and
I
(v)
j = Lˆ
(
vz ,
∂hj
∂t
)
= −i (B · k˜)eifij(k)
−Λf(k)Bj , (A48)
I(w) = Lˆ
(
w,
∂h
∂t
)
= −i (B · k˜)χ(w)(k)
−Λχ(k)B , (A49)
I(s) = Lˆ
(
s,
∂h
∂t
)
= −i (B · k˜)Φ(k)
−ΛΦz(k)B , (A50)
k˜ = k+ (iΛ/2)e and χ(w)(k) ≡ Lˆ(w,v) is given by
χ(w)(k) = k−2⊥ {χ(k)[e(k2 − iΛkz/2)− k(kz
−iΛ/2)]− iG(k)(k×e)} . (A51)
Note that χ(k) = χ(w)(k) · e. Now we use the τ -
approximation and assume that the characteristic times
of variation of the second moments ξ, ζ and χ(c) are
substantially larger than the correlation time τ(k) for all
turbulence scales. This allows us to get a stationary so-
lution of Eqs. (A44)-(A46):
ξ(k) = τI(w)(k) + (ikψ
Ω
− ψ
Λ
)χ(c)(k) , (A52)
χ(c) =
τ(1 + ψ2
Ω
+ iψ
R
)
(1 + ψ2
Ω
)2
[I(v)
+k−2(ikψ
Ω
+ ψ
Λ
)I(w)(k)] , (A53)
and ζ(k) = τI(s), where we changed τψ
R
→ ψ
R
,
τψ
Ω
→ ψ
Ω
, τψ
Λ
→ ψ
Λ
. Now we take into account
that a general form of the electromotive force is given by
Ei = αijBj + (V(d)×B)i − ηij(∇×B)j − κijk(∂Bˆ)ij
−[δ×(∇×B)]i ≡ aijBj + bijkBi,j , (A54)
(see, e.g., [40]), where the tensors αij and ηij describe
the α-effect and turbulent magnetic diffusion, respec-
tively, V(d) is the effective diamagnetic (or paramag-
netic) velocity, κijk and δ describe a nontrivial behavior
of the mean magnetic field in an anisotropic turbulence,
Bi,j = ∇jBi, (∂Bˆ)ij = (1/2)(Bi,j+Bj,i). In this study
we determine only the tensor αij and the velocity V
(d)
k .
The calculations of the other coefficients defining electro-
motive force is a subject of a separate paper. The tensor
aij ≡ a(S)ij + a(AS)ij follows from Eqs. (A43), (A52)-(A54),
where
a
(S)
ij = a
(a)
ij + a
(b)
ij + a
(c)
ij , (A55)
a
(AS)
ij = a
(d)
ij + a
(e)
ij , (A56)
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where a
(S)
ij = (1/2)(aij+aji) and a
(AS)
ij = (1/2)(aij−aji)
are the symmetric and antisymmetric parts of the tensor
aij , and
a
(a)
ij (k) = kijψΛs1(k, z)[2µ1(k) + f(k)−G(k)/k2
+2τ(k)g⊥(k)ΦR(k)] , (A57)
a
(b)
ij (k) = (eikj + ejki)s2(k, z)[ψΩG(k) − kχI (k)
+kτ(k)g⊥(k)FI (k)] . (A58)
a
(c)
ij (k) =
[(
f(k) +G(k)/k2 + 2τ(k)g⊥(k)ΦR(k)
1 + ψ2
Ω
−2µ2(k)
)
kψ
Ω
− χ
I
(k)
]
kijψRs1(k, z)
+[(e×k)ikj + (e×k)jki]s2(k, z)[kf(k)
+kτ(k)g⊥(k)ΦR(k)− ψΩχI (k)] , (A59)
a
(d)
ij (k) = [2k
2εijmenPmn(k) + (e×k)ikj
−(e×k)jki]s2(k, z)[kf(k)
−ψ
Ω
χ
I
(k) + kτ(k)g⊥(k)ΦR(k)] , (A60)
a
(e)
ij (k) = k[2εijm(e×k)m − eikj
+ejki]s2(k, z){kψΩ [f(k)
+τ(k)g⊥(k)ΦR(k)] + χI (k)} , (A61)
and s1(k, z) = exp(Λz)τ(k)(k/k⊥)
2/(1+ψ2
Ω
), s2(k, z) =
(Λ/2k3)s1(k, z). Here we used that
E = k−2⊥ [iξ×(e×k) + (e×χ(c))(k2 + iΛkz/2)
−(k×χ(c))(kz + iΛ/2)] , (A62)
eifij(k) = k
−2
⊥ {[k2eiPij(k) + i(Λ/2)kiPij(e)]f(k)
+i(e×k)j [χR(k)− iχI (k)]} , (A63)
where Pij(e) = δij − eij . Note that eifij(k) 6= eifji(k)
because rotation causes a nonzero helicity in the turbu-
lent convection. Here we also took into account that the
tensor aij must be real in r-space.
We will show that the tensors a
(a)
ij (k) and a
(b)
ij (k) con-
tribute to the α-tensor, the tensor a
(d)
ij (k) contributes to
the effective drift velocity V(1), the tensor a
(e)
ij (k) con-
tributes to the effective drift velocityV(2), and the tensor
a
(c)
ij (k) contributes to the effective drift velocity V
(3).
6. The α-tensor
Now we determine the tensor αij = a
(a)
ij + a
(b)
ij . The
integration in k-space yields
a
(a)
ij =
1
6δ∗
(
l20Ω
Lρ
)
[φ
5
{Iij}
+3(σ − 1)φ
2
{M (3)ij }] sinφl , (A64)
a
(b)
ij =
1
6δ∗
(
l20Ω
Lρ
)
Pˆ
(b)
ijmn[φ6{Imn}
+3(σ − 1)φ
3
{M (3)mn}] . (A65)
where Eqs. (A57) and (A58) for a
(a)
ij (k) and a
(b)
ij (k), re-
spectively, Pˆ
(b)
ijmn = ωˆm(eiδnj + ejδni), and hereafter we
use the following functions:
φ
1
{X} = 2X(2ω)−X(ω) ,
φ
2
{X} = 4X(2ω)− 3
pi
X¯(ω2) ,
φ
3
{X} = 3
pi
X¯(ω2)− 2X(2ω)−X(ω) ,
φ
4
{X} = 7X(4)(ω)− 4X(4)(2ω)
− 3
pi
X¯(ω2) +
9ω2
pi
(
∂X¯(a)
∂a
)
a=ω2
,
φ
5
{X} = (3− σ)φ
2
{X(3)} − (λ/2)[4X(2)(2ω)
−X(2)(ω)] ,
φ
6
{X} = (3− σ)φ
3
{X(3)}+ (λ/2)[2X(2)(2ω)
+ε−1X(2)(ω)] ,
φ
7
{X} = (3− σ)φ
1
{X(2)} − λ[X(1)(2ω)
−(1 + ε−1)X(1)(ω)] ,
φ
8
{X} = (3− σ)φ
1
{X(3)} − (λ/2)[φ
1
{X(2)}
−ε−1X(2)(ω)] ,
φ
9
{X} = 4λX(3)(2ω)− (λ + 2δ∗)X(3)(ω)
+
6δ∗
pi
X¯(ω2) .
For example,
φ
3
{M (3)mn} =
3
pi
M¯mn(ω
2)− 2M (3)mn(2ω)−M (3)mn(ω) ,
φ
6
{Imn} = (3 − σ)φ3{I(3)mn}+ (λ/2)[2I(2)mn(2ω)
+ε−1I(2)mn(ω)] ,
the functions I
(2)
mn(ω) and M
(3)
mn(ω) are determined by
Eqs. (A40) and (A41), M¯ij(y) = emnI¯ijmn(y), and the
functions I¯ij(z) and I¯ijmn(z) are determined by Eqs. (B1)
and (B2) in Appendix B. Now we use the following iden-
tities
Pˆ
(b)
ijmn I¯mn = (eiωˆj + ejωˆi)L¯1 ,
Pˆ
(b)
ijmnM¯mn = (eiωˆj + ejωˆi)(L¯3 + L¯2 sin
2 φl)
+4 eij L¯3 sinφl ,
where L¯k are determined by Eqs. (C3) in Appendix C.
Thus, the α-tensor, αij ≡ a(a)ij +a(b)ij , is given by Eq. (22).
For a slow rotation (ω ≪ 1) the tensor αij is given by
αij ≈ αδij − 4
5
(
l20Ω
Lρ
)(
1− σ
6
−5λ
9
[1 + (2ε)−1]
)
(eiωˆj + ejωˆi) , (A66)
and for ω ≫ 1 it is given by
αij ≈ αδij + pi
16
(
l0u0
Lρ
)[
ωij sinφl
(
λ+
σ
6
14
+
3
2
(σ − 1) sin2 φl − 3
2
)
− (eiωˆj + ejωˆi)(1
+2 cos2 φl)
]
. (A67)
7. The effective drift velocity
Now we determine the effective drift velocity V
(d)
m ≡
V
(1)
m + V
(2)
m , where
V (1)m = −(1/2)εmija(d)ij = Pˆ (d)mij a˜(d)ij , (A68)
V (2)m = −(1/2)εmija(e)ij , (A69)
and
a
(d)
ij = ep(2εijpδmn + εipnδjm − εjpnδim
−2εijmδnp)a˜(d)mn , (A70)
a˜
(d)
ij =
1
48δ∗
(
l0u0
Lρ
)
[φ
7
{Iij}
+3(σ − 1)φ
1
{M (2)ij }] , (A71)
a
(e)
ij =
1
6δ∗
(
l20Ω
Lρ
)
Pˆ
(e)
ijmn[φ8{Imn}
+3(σ − 1)φ
1
{M (3)mn}] , (A72)
Pˆ
(d)
imn = 2enδmi − emδni − eiδmn, Pˆ (e)ijmn = (eiδjn −
ejδin)ωˆm. For the integration in k-space we used
Eqs. (A60) and (A61) for a
(d)
ij (k) and a
(e)
ij (k), respec-
tively. Using the following identities:
Pˆ
(d)
imnI¯mn = −eiL¯4 + ωˆi sinφl A¯2 ,
Pˆ
(d)
imnM¯mn = ei[3C¯1 − A¯1 + (3C¯3 − A¯2) sin2 φl]
+ωˆi sinφl[3C¯3 + C¯2 sin
2 φl] ,
εkij Pˆ
(e)
ijmnI¯mn = −2L¯1(ωˆ×e)k ,
εkij Pˆ
(e)
ijmnM¯mn = −2(L¯3 + L¯2 sin2 φl)(ωˆ×e)k
in Eqs. (A68)-(A72), we obtain the effective drift veloci-
ties V
(1)
i and V
(2)
i which are given by Eqs. (25) and (26).
Here M¯ij(y) = emnI¯ijmn(y), I¯ij(z) and I¯ijmn(z) are de-
termined by Eqs. (B1) and (B2) in Appendix B, L¯k are
determined by Eqs. (C3) in Appendix C.
The electromotive force has a term a
(c)
ij Bj which for an
axisymmetric case contributes only to an additional effec-
tive drift velocity, V(3), of the mean magnetic field, i.e.,
a
(c)
ij Bj = [V
(3)×(Bp −BT )]i, where B = BT +Bp is the
mean magnetic field with the toroidal (BT ) and poloidal
(Bp) components, the tensor a
(c)
ij (k) is determined by
Eq. (A59). Integration in k-space, a
(c)
ij =
∫
a
(c)
ij (k) dk,
yields
a
(c)
ij = −
1
48δ∗
(
l0u0
Lρ
)
{2ω2(ωˆ×e)mωˆn[φ9{Iijmn}
+2(3− σ)φ
4
{Iijmn}+ 6(σ − 1)φ4{Jijmn}]
−Pˆ (c)ijmn[3(σ − 1)φ1{M (2)mn}+ φ7{Imn}]} ,
where Pˆ
(c)
ijmn = (εipnδjm + εjpnδim)ep. In order to deter-
mine the effective drift velocity V
(3)
k we use the following
identities:
(ciqj + cjqi)Bj = [(q×c)×(Bp −BT )]i ,
Pˆ
(c)
ijmn I¯mn = −A¯2(ciωˆj + cjωˆi) ,
Pˆ
(c)
ijmnM¯mn = −(C¯3 + C¯2 sin2 φl)(ciωˆj + cjωˆi)
−2C¯3 sinφl (ciej + cjei) ,
cmωˆnI¯ijmn = L¯3(ciωˆj + cjωˆi) ,
cmωˆnJ¯ijmn = (L¯5 + L¯6 sin
2 φl)(ciωˆj + cjωˆi)
+D¯4 sinφl (ciej + cjei) ,
where ci = (ωˆ×e)i, q = ωˆ or q = e, M¯ij = J¯ijmm,
I
(p)
ijmn(ω) = (6/piω
p+1)
∫ ω
0
ypI¯ijmn(y
2) dy , (A73)
J
(p)
ijmn(ω) = (6/piω
p+1)
∫ ω
0
ypJ¯ijmn(y
2) dy , (A74)
and we used Eqs. (B1)-(B9) in Appendix B and Eqs.
(C2)-(C3) in Appendix C. Thus, the effective drift veloc-
ity V(3) is given by Eq. (35).
APPENDIX B: THE IDENTITIES USED FOR
THE INTEGRATION IN k–SPACE
To integrate over the angles in k–space we used the
following identities:
I¯ij(a) =
∫
kij sin θ
1 + a cos2 θ
dθ dϕ = A¯1δij + A¯2 ωij , (B1)
I¯ijmn(a) =
∫
kijmn sin θ
1 + a cos2 θ
dθ dϕ = C¯1(δijδmn + δimδjn + δinδjm) + C¯2 ωijmn
+C¯3(δijωmn + δimωjn + δinωjm + δjmωin + δjnωim + δmnωij) , (B2)
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J¯ijmn(a) = epq
∫
kijmnpq sin θ
1 + a cos2 θ
dθ dϕ = [D¯1 +
1
3
D¯3(ωˆ · e)2](δijδmn + δimδjn + δinδjm)
+[D¯2 + D¯7(ωˆ · e)2]ωijmn + D¯5(ωˆ · e)(ωijmen + ωijnem + ωjmnei + ωimnej)
+[D¯3 + D¯6(ωˆ · e)2](δijωmn + δimωjn + δinωjm + δjmωin + δjnωim + δmnωij)
+D¯4(δijemn + δimejn + δinejm + δjmein + δjneim + δmneij)
−3
4
D¯3(eijωmn + eimωjn + einωjm + ejmωin + ejnωim + emnωij) , (B3)
H¯ijmn(a) =
∫
kijmn sin θ
(1 + a cos2 θ)2
dθ dϕ = −
(
∂
∂b
∫
kijmn sin θ
b+ a cos2 θ
dθ dϕ
)
b=1
= I¯ijmn(a) + a
∂
∂a
I¯ijmn(a) , (B4)
G¯ijmn(a) =
∫
kijmn sin θ
(1 + a cos2 θ)3
dθ dϕ = H¯ijmn(a) +
a
2
∂
∂a
H¯ijmn(a) , (B5)
M¯ij(a) = (C¯1 + C¯3 sin
2 φl) δij + (C¯3 + C¯2 sin
2 φl)ωij + 2C¯1 eij
+2C¯3 sinφl (eiωj + ejωi) , (B6)
where M¯ij(a) ≡ emnI¯ijmn(a),
eijM¯ij(a) = 3C¯1 + 6C¯3 sin
2 φl + C¯2 sin
4 φl , (B7)
M¯pp(a) ≡ eij I¯ij(a) = A¯1 + A¯2 sin2 φl , (B8)
and ωij = ωˆiωˆj , ωijm = ωˆiωˆjωˆj , A¯1 = 5C¯1 + C¯3,
A¯2 = C¯2 + 7C¯3, and
A¯1(a) = F¯ (1;−1; 0; 0) , A¯2(a) = F¯ (−1; 3; 0; 0) ,
C¯1(a) = (1/4)F¯ (1;−2; 1; 0) ,
C¯2(a) = (1/4)F¯ (3;−30; 35; 0) ,
C¯3(a) = (1/4)F¯ (−1; 6;−5; 0) ,
C¯4(a) = F¯ (0; 0; 1;−1) , C¯5(a) = F¯ (0; 0;−1; 3) ,
D¯1(a) ≡ −(1/8)(C¯1 + 5C¯3 − 5C¯4)
= (1/8)F¯ (1;−7; 11;−5) ,
D¯2(a) ≡ −(1/8)(51C¯1 + 111C¯3 − 119C¯4)
= (1/8)F¯ (15;−141; 245;−119) ,
D¯3(a) ≡ (3/8)(3C¯1 + 7C¯3 − 7C¯4)
= (3/8)F¯ (−1; 9;−15; 7) ,
D¯4(a) ≡ (1/2)(C¯1 + C¯3 − C¯4)
= (1/2)F¯ (0; 1;−2; 1) ,
D¯5(a) ≡ 3C¯1 + 9C¯3 − 7C¯4
= (1/2)F¯ (−3; 24;−35; 14) ,
D¯6(a) ≡ (1/8)(5C¯2 + 3C¯3 + 20C¯4 − 5C¯5)
= (1/8)F¯ (3;−33; 65;−35) ,
D¯7(a) ≡ −(1/8)(48C¯1 + 27C¯2 + 165C¯3 + 28C¯4
−35C¯5) = (1/8)F¯ (9;−21;−105; 133) .(B9)
Here
F¯ (α˜; β˜; γ˜; µ˜) = pi[α˜J¯0(a) + β˜J¯2(a) + γ˜J¯4(a) + µ˜J¯6(a)] ,
J¯2k(a) ≡ 2
∫ 1
0
x2k/(1 + ax2) dx = a−1[2/(2k − 1)
−J¯2(k−1)(a)] , (B10)
and J¯0(a) = 2 arctan(
√
a) /
√
a. In the case of a ≪ 1
these functions are given by
J¯2k(a) ∼ 2
2k + 1
[
1− a2k + 1
2k + 3
+ a2
2k + 1
2k + 5
]
,
and for a≫ 1 they are given by J¯2k(a) ∼ 2/a (2k−1) for
all integer k except for k = 0 and J¯0(a) ∼ pi/
√
a − 2/a.
Now we introduce the following functions:
F (p)(α˜; β˜; γ˜; µ˜) = (6/piωp+1)
∫ ω
0
ypF¯ (α˜; β˜; γ˜; µ˜)|a=y2 dy
≡ α˜J (p)0 (ω) + β˜J (p)2 (ω) + γ˜J (p)4 (ω) + µ˜J (p)6 (ω) ,
where
J
(p)
2k (ω) = (6/ω
p+1)
∫ ω
0
ypJ¯2k(y
2) dy . (B11)
The integration in Eq. (B11) yields:
J
(p)
2k (ω) = ω
−2
(
12
(2k − 1)(p− 1) − J
(p−2)
2(k−1)(ω)
)
(B12)
for p 6= 1 and all integer k except for k = 0. When p = 1
and k 6= 0 we get:
J
(1)
2k (ω) =
6
2k − 1
[
ln(1 + ω2)
ω2
+ (−1)k 2
ω2k
(
arctan(ω)
ω
−
k−1∑
m=0
(−1)mω2m
(2m+ 1)
)]
. (B13)
When k = 0 we obtain
J
(2n)
0 (ω) =
6
n
[
arctan(ω)
ω
(
1 +
(−1)n+1
ω2n
)
+
n−1∑
m=1
(−1)n+m−1
(2m− 1)ωn−m+1
]
, (B14)
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J
(2n+1)
0 (ω) =
6
2n+ 1
[
2
arctan(ω)
ω
+
(−1)n+1
ω2(n+1)
ln(1 + ω2)
−n!
n−1∑
m=1
(−1)m (1 + ω
2)n−m − 1
(n−m)m! (n−m)!
]
.
(B15)
Equation (B14) is for all integer n > 1, and J
(0)
0 (ω) =
(12/ω)
∫ ω
0 [arctan(y)/y] dy. For n = 0 and n = 1 the third
term with the sum in Eq. (B15) should be dropped. In
order to use Eq. (B12) for p = 2 we need to know the
function J
(0)
2k (ω) which is given by
J
(0)
2k (ω) =
3
2k−2
[
arctan(ω)
ω
(
1 +
(−1)k+1
ω2k
)
+
k−1∑
m=1
(−1)k+m
(2m+ 1)ω2(k−m)
]
. (B16)
In the case of ω ≪ 1 these functions are given by
J
(p)
2k (ω) ∼
12
(2k + 1)(p+ 1)
[
1− ω2
(
2k + 1
2k + 3
)(
p+ 1
p+ 3
)
+ω4
(
2k + 1
2k + 5
)(
p+ 1
p+ 5
)]
.
In the case of ω ≫ 1 these functions are given by
J
(p)
2k (ω) ∼
12
(2k − 1)(p− 1)ω2
for p 6= 1 and k 6= 0;
J
(p)
0 (ω) ∼
6pi
pω
− 12
(p− 1)ω2
for p 6= 0 and p 6= 1;
J
(1)
2k (ω) ∼
12 ln ω
(2k − 1)ω2
for k 6= 0; and
J
(0)
2k (ω) ∼
3pi
2k−2 ω
[
1− 1
pi ω
(
4k − 1
2k − 1
)]
,
J
(1)
0 (ω) ∼
6pi
ω
(
1− 2 ln ω
piω
)
, J
(0)
0 (ω) ∼
6pi ln ω
ω
.
Now we introduce the following functions
H
(p)
ijmn(ω) = (6/piω
p+1)
∫ ω
0
ypH¯ijmn(y
2) dy
= (3/pi)I¯ijmn(ω
2)− (p− 1)I(p)ijmn(ω)/2 , (B17)
G
(p)
ijmn(ω) = (6/piω
p+1)
∫ ω
0
ypG¯ijmn(y
2) dy
=
(
p− 1
2
)2
I
(p)
ijmn(ω) +
(
3(3− p)
2pi
)
I¯ijmn(ω
2)
+
3ω2
pi
(
∂I¯ijmn(a)
∂a
)
a=ω2
, (B18)
which will be used for the calculation of the effective
drift velocity of the mean magnetic field. The functions
A
(p)
k (ω) can be obtained from Eqs. (B9) after the change
of LHS of Eqs. (B9) A¯k(a) → A(p)k (ω) and of RHS of
Eqs. (B9) F¯ (α˜; β˜; γ˜; µ˜) → F (p)(α˜; β˜; γ˜; µ˜) and similarly
for the functions C
(p)
k (ω) and D
(p)
k (ω), e.g.,
A
(p)
1 (ω) = F
(p)(1;−1; 0; 0) ,
C
(p)
1 (ω) = (1/4)F
(p)(1;−2; 1; 0) , . . . (B19)
and similarly for the other functions C
(p)
k (ω) andD
(p)
k (ω).
For the calculation of the functions φ
4
{X} we need to use
the following identities:
ω2
(
∂J¯2k(a)
∂a
)
a=ω2
= −
(
J¯2k(a) +
∂J¯2(k−1)(a)
∂a
)
a=ω2
,
where
∂J¯0(a)
∂a
=
1
2a
(
4
√
a
a+ 1
− J¯0(a)
)
.
APPENDIX C: THE FUNCTIONS Ψβ(ω) AND
Eβ(ω)
The functions Ψk(ω) are given by
Ψ1(ω) = 10σφ1{A(2)1 }+ (σ + 3)φ1{A(2)2 }
−(λ/2)[5A(1)1 (2ω) +A(1)2 (2ω)]
−9(σ − 1)φ
1
{C(2)1 } ,
Ψ2(ω) = (7σ − 9)φ1{A(2)2 } − 18(σ − 1)φ1{C(2)3 }
+(λ/2)A
(1)
2 (2ω) ,
Ψ3(ω) = −3(σ − 1)φ1{C(2)2 } ,
Ψ4(ω) = φ5{A1}+ 3(σ − 1)φ2{C(3)1 } ,
Ψ5(ω) = 3(σ − 1)φ2{C(3)3 } ,
Ψ6(ω) = φ5{A2}+ 3(σ − 1)φ2{C(3)3 } ,
Ψ7(ω) = 3(σ − 1)φ2{C(3)2 } ,
Ψ8(ω) = 6(σ − 1)[φ2{C(3)1 }+ 2φ3{L(3)3 }] ,
Ψ9(ω) = φ6{L1}+ 3(σ − 1)φ3{L(3)3 } ,
Ψ10(ω) = 2Ψ5(ω) + 3(σ − 1)φ3{L(3)2 } . (C1)
The functions Ek(ω) are given by
E1(ω) = 3(σ − 1)φ1{L(2)7 } − φ7{L4} ,
E2(ω) = φ7{A2}+ (3σ − 1)φ1{L(2)8 } ,
E3(ω) = 3(σ − 1)φ1{C(2)2 } ,
E4(ω) = φ7{A2}+ 9(σ − 1)φ1{C(2)3 } ,
E5(ω) = φ8{L1}+ 3(σ − 1)φ1{L(3)3 } ,
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E6(ω) = 3(σ − 1)φ1{L(3)2 } ,
E7(ω) = (1/2)[φ7{A2}+ 3(σ − 1)φ1{C(2)3 }]
+ω2[φ
9
{L3}+ 2(3− σ)φ4{L3}
+6(σ − 1)φ
4
{L5}] ,
E8(ω) = −E7(ω)− E9(ω) ,
E9(ω) = −(3/2)(σ − 1)φ1{C(2)2 } − 6ω2(σ − 1)φ4{L6} ,
E10(ω) = E1(ω) + 3(σ − 1)[φ1{C(2)3 }
+2ω2φ
4
{D4}] , (C2)
where
L¯1(a) ≡ A¯1 + A¯2 = 2F¯ (0; 1; 0; 0) ,
L¯2(a) ≡ C¯2 + 3C¯3 = F¯ (0;−3; 5; 0) ,
L¯3(a) ≡ C¯1 + C¯3 = F¯ (0; 1;−1; 0) ,
L¯4(a) ≡ 2A¯1 + A¯2 = F¯ (1; 1; 0; 0) ,
L¯5(a) ≡ D¯1 + D¯3 = (1/4)F¯ (−1; 10;−17; 8) ,
L¯6(a) ≡ (1/3)D¯3 + D¯6 = (1/4)F¯ (1;−12; 25; 28) ,
L¯7(a) ≡ 3C¯1 − A¯1 = (1/4)F¯ (−1;−2; 3; 0) ,
L¯8(a) ≡ 6C¯3 − A¯2 = (1/2)F¯ (−1; 12;−15; 0) , (C3)
and L
(p)
k (ω) = (6/piω
p+1)
∫ ω
0
ypL¯k(y
2) dy.
APPENDIX D: THE MODEL OF THE
BACKGROUND TURBULENT CONVECTION
A simple approximate model for the three-dimensional
isotropic Navier-Stokes turbulence is described by a
two-point correlation function of the velocity field
fij(t,x,y) = 〈ui(t,x)uj(t,y)〉 with the Kolmogorov spec-
trum W (k) ∝ k−q and q = 5/3. The turbulent con-
vection is determined not only by the turbulent ve-
locity field u(t,x) but the fluctuations of the entropy
s(t,x). This implies that for the description of the tur-
bulent convection one needs additional correlation func-
tions, e.g., the turbulent flux of entropy Φi(t,x,y) =
〈s(t,x)ui(t,y)〉 and the second moment of the entropy
fluctuations Θ(t,x,y) = 〈s(t,x)s(t,y)〉. Note also that
the turbulent convection is anisotropic.
Now we derive Eqs. (9) and (10) for the correlation
functions fij and Φi. To this end, the velocity u⊥ is
written as a sum of the vortical and the potential compo-
nents, i.e., u⊥ =∇×(C˜e)+∇⊥φ˜, where w ≡ (∇×u)z =
−∆⊥C˜, ∆⊥φ˜ = Λuz−∂uz/∂z, ∇⊥ =∇−e(e·∇). Thus,
in k-space the velocity u is given by
ui(k) = k
−2
⊥ [k
2emPim(k)uz(k)− i(e×k)iw(k)] , (D1)
where we neglected terms ∼ O(Λ). Multiplying Eq. (D1)
for ui(k1) by uj(k2) and averaging over turbulent veloc-
ity field we obtain
f
(0)
ij (k) = k
−4
⊥ [k
4f (0)(k)emnPim(k)Pjn(k)
+(e×k)i(e×k)jG(0)(k)] , (D2)
where we assumed the turbulent velocity field in the
background turbulent convection is non-helical. Now we
use an identity
(k/k⊥)
2emnPim(k)Pjn(k) = eij + k
⊥
ij − kij
= Pij(k)− P⊥ij (k⊥) , (D3)
which can be derived from
kz(kzeij + eik
⊥
j + ejk
⊥
i ) = kijk
2 − k⊥ijk2⊥ .
Here we also used the identity (k⊥×e)i(k⊥×e)j =
k2⊥P
(⊥)
ij (k⊥). Substituting Eq. (D3) into Eq. (D2) we ob-
tain
f
(0)
ij (k) = (k/k⊥)
2{f (0)(k)Pij(k)
+[G(0)(k)/k2 − f (0)(k)]P⊥ij (k⊥)} , (D4)
Thus two independent functions determine the correla-
tion function of the turbulent velocity field. In isotropic
three-dimensional turbulent flow G(0)(k)/k2 = f (0)(k)
and the correlation function reads
f
(0)
ij (k) = f∗W (k)Pij(k)/8pik
2 . (D5)
In isotropic two-dimensional turbulent flow
G(0)(k)/k2 ≫ f∗f (0)(k) and the correlation func-
tion is given by
f
(0)
ij (k) = G
(0)(k)P⊥ij (k⊥)/8pik
2k2⊥ . (D6)
A simplest generalization of these correlation functions is
an assumption that G(0)(k)/[k2f (0)(k)] − 1 = ε = const
and thus the correlation function f
(0)
ij (k) is given by
Eq. (9). This correlation function can be considered as a
combination of Eqs. (D5) and (D6) for three-dimensional
and two-dimensional turbulence. When ε depends on the
wave vector k, the correlation function f
(0)
ij (k) is deter-
mined by two spectrum functions.
Now we derive Eq. (10) for the turbulent flux of en-
tropy. Multiplying Eq. (D1) written for ui(k2) by s(k1)
and averaging over turbulent velocity field we obtain
Eq. (10). Multiplying Eq. (10) by i(k⊥×e)i we get
F (0)(k) = i(k⊥×e) ·Φ(0)⊥ (k) . (D7)
Now we assume that Φ
(0)
⊥ (k) ∝ Φ∗⊥f (0)(k)/f∗. The inte-
gration in k-space in Eq. (D7) yields the numerical factor
in Eq. (12). Note that for simplicity we assumed that the
correlation functions F (0)(k) and f (0)(k) have the same
spectrum. If these functions have different spectra, it
results only in a different magnitude of a numerical coef-
ficient in Eq. (12).
Now let us discuss the physical meaning of the param-
eter σ. To this end we will derive the equation for the
two-point correlation function Φ
(0)
z (r) = 〈s(x)u(x + r)〉
of the turbulent flux of entropy for the background turbu-
lent convection (which corresponds to Eq. (11) written in
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k-space). To this end we rewrite Eq. (11) in the following
form:
Φ(0)z (k) = Φ
∗
z[k
2 + Γ(e · k)2]Φ˜w(k) , (D8)
Φ˜w(k) = −(3− σ)W (k)/8pik4 , (D9)
where Φ∗z = Φ
∗ · e, Γ = 3(σ − 1)/(3 − σ). The Fourier
transformation of Eq. (D8) yields
Φ(0)z (r) = Φ
∗
z[∆ + Γ(e ·∇)2]Φw(r) , (D10)
where Φw(r) is the Fourier transformation of the function
Φ˜w(k). Now we use the identity
∇i∇jΦw(r) = ψ˜(r) δij + rψ˜′(r) rij , (D11)
where ψ˜(r) = r−1Φ′w(r) and ψ˜
′(r) = dψ˜/dr. Equa-
tions (D10) and (D11) yield the two-point correlation
function Φ
(0)
z (r) :
Φ(0)z (r) = Φ
∗
z
(
ψ˜(r) + rψ˜′(r)
1 + Γ cos2 θ˜
3 + Γ
)
,(D12)
where θ˜ is the angle between e and r. The function
ψ˜(r) has the following properties: ψ˜(r = 0) = 1 and
(rψ˜′)r=0 = 0, e.g., the function ψ˜(r) = 1− (r/l0)q−1 sat-
isfies the above properties, where 1 < q < 3. Thus, the
two-point correlation function Φ
(0)
z (r) of the flux of en-
tropy for the background turbulent convection is given
by
Φ(0)z (r) = Φ
∗
z
[
1 −
(
(q − 1)(1 + Γ cos2 θ˜)
3 + Γ
+1
)(
r
l0
)q−1]
,
where 1 < q < 3. The simple analysis shows that
−3/(q − 1) < σ < 3, where we took into account that
∂Φ
(0)
z (r)/∂r < 0 for all angles θ˜. The parameter σ can be
presented in the form σ = [1+ ξ˜(q+1)/(q−1)]/(1+ ξ˜/3),
where ξ˜ = (l⊥/lz)
q−1 − 1, l⊥ and lz are the horizontal
(θ˜ = pi/2) and vertical (θ˜ = 0) scales in which the cor-
relation function Φ
(0)
z (r) tends to zero. The parameter ξ˜
describes the degree of thermal anisotropy. In particular,
when l⊥ = lz the parameter ξ˜ = 0 and σ = 1. For l⊥ ≪ lz
the parameter ξ˜ = −1 and σ = −3/(q−1). The maximum
value ξ˜max of the parameter ξ˜ is given by ξ˜max = q − 1
for σ = 3. Thus, for σ < 1 the thermal structures have
the form of column or thermal jets (l⊥ < lz), and σ > 1
there exist the ‘’pancake” thermal structures (l⊥ > lz) in
the background turbulent convection.
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